One of the difficulties in designing controllers for infinite-dimensional systems lies in merely calculating a state for the system. In this paper it is shown that Galerkin methods can be used t o design controllers which will perform as designed when implemented on the original infinitedimensional system. No assumptions, other than those typically employed in numerical analysis, are made on the approximating scheme.
Introduction
Apart from the theoretical problems, there are computational difficulties t o designing controllers for a class of systems whose dynamics are described by partial differential equations. Unlike finite-dimensional linear dynamical systems, which are often easily solved for the state of the system, a closed form solution for the state of an infinitedimensional system can be computed only in the simplest of situations. This is due t o the difficulty of solving a partial differential equation. In general, it is necessary t o use a numerical approximation t o the state of the system when designing a controller.
This leads immediately t o several questions regarding robustness. Is the use of finite-dimensional approximations a valid technique when designing controllers for infinitedimensional systems? If so, which approximation methods can be used t o design coptrollers which will perform as designed when implemented on the actual system, and how high an order is required?
A wide class of projection methods, which includes mode truncation and finite element Galerkin techniques, is considered in this paper. It is shown that, if the order of an approximation t o a system is sufficiently high, then the approximating system is stabilizable, and a controller designed using the approximation will stabilize the original system. Furthermore, the closed loop response of the system will be close t o the closed loop response of the approximate system. This result is independent of the technique used for controller design. The assumptions on an approximation scheme required for this result t o hold are not stronger than those typically imposed on any numerical technique used in computer analysis. The key assumption made is that the original infinite-dimensional system is stabilizable.
Since researchers in control of flexible structures have been using finite elements for some time, the above results are probably not surprising. Other researchcrs have studied convergence of solutions t o the Ricvati cquation leg. 7, 8, 91, but have assumed either uniform stability or stabilizability of the approximating systems. Balas [Z] assumes convergence of a stabilizing feedback controller t o show closed Imp stability. In another paper [l] he assumes that the dynamics neglected in the finite-dimensional approximation are stable for a high enough order approximation. We make no assumptions on the stabilizability of the approximations.
Robustness results based on stable perturbations cannot be used here, since a finite-dimensional approximation will not in general have the same number of poles in a righthalf plane as the original infinite-dimensional system. In particular, when using finite-element techniques, pole locations are not preserved. The appropriate approach t o use is the graph topology. Robust stabilization is possible if and only if the perturbations affect the plant description in a manner which is continuous with respect to the graph topology. While most publications on this subject deal only with rational transfer functions [IQ, 201 the algebra of unstable plants need only be composed of closed operators in order for the topology t o be well-defined.
Problem Description
We consider semigroup control systems with bounded control. These are systems of the form We now define precisely what is meant by external stabilization of a system. Suppose P is a given system, for which we wish t o design a controller C , arranged in the familiar feedback configuration shown in Figure 1 . It is readily seen that the 2 x 2 transfer matrix H(P,C) which maps the pair (ul, 21,) into the pair (el, e,) is given by
The feedback system, or alternatively the pair (P,C), is said to be stable if each of the four elements in the above matrix belongs t o the set S of stable transfer functions. Definition of S depends upon the application. Thus the closed loop system is _BIBO-a-stable if and only if all four elements belong t o &. It is important t o note that the present definition of stability is symmetric in P and C. Thus P stabilizes C if and only if C stabilizes P.
The problem is t o design a controller for the system (2.1) which achieves such objectives as external stability. However, this generally requires knowledge of the system state. The difficulty in solving partial differential equation systems and many other semigroup systems means that an approximation t o the state of systems must be used. In the next section we define a class of approximation techniques known variously as Galerkin and projection techniques.
Approximation Technique
Suppose we have a sequence of finite-dimensional subspaces x h with xh, C X h p for h l > h, . Define Phx as the orthogonal projection of x E X onto the finite-dimensional subspace xh. The parameter h converges t o 0 as the order of the approximation is increased. Since all norms on x h are equivalent, we will assume that the norm on x h is that inherited from X . Since Ph is a n orthogonal projection, it follows that
IIphxll 5 llxll In common with [3], the operators Ah, Bh, c h and the semigroup T h ( t ) generated by Ah are only defined on x h .
We make the following assumptions:
1) The projection operators Ph converge strongly t o the identity on the Hilbert space X . That is, for all x E X 2 ) The approximation scheme approximates the solution space not the operator A , in that x EXh implies Ax EXh so that
Common approximation techniques such as mode truncation and finite element methods satisfy this assumption.
3) A core C of a closed operator A is a linear space contained in the domain of A with the property that the set of elements ( x , A x ) , x E C is dense in the graph 5 ( A ) of the operator A([12] pg. 166). In other words, if we define a n operator L t o be the restriction of A t o C so that
We will assume that there exists a core C for A such that lim
IIPhAz-AhPhxII
Such an approximation scheme is said t o be consistent.
We will further assume that the semigroups T h ( t ) generated by Ah 
Assumptions (1)-(3) are satisfied by typical approximation methods such as finite element techniques and modal truncation.
In subsequent sections the original semigroup control system will be assumed stabilizable and/or detectable. However, no assumptions about the stabilizability or detectability of the approximations are made. In the next section it is shown that stabilizability of the approximating systems can be deduced from stabilizability of the original semigroup control system. Theorem 4.2 Assume we have a semigroup control system (2.1) and an approximation scheme satisfying assumptions (1)-(3) in section 3. Assume that thc system is stabilizable. Then, for sufficiently small h , the approximating systems are stabilizable i.e. there exists a n operator K h such that Ah-BhKh generates an exponentially stable semigroup on .U,. 
where It follows that for every z E C , we have h l IIAhoPhO-PhAo211 5 h n 11 PhBQ'lB*(PhnPh-n)Z 11
In order t o show that IIh solves a Riccati equation for (Ah, B h ) for small enough h , it remains only t o prove that
In order t o show convergence of { s), } to s it necessary to introguce a semigroup which is defined on all of X .
Define Ah, = AhoPh. Since Ah, is bounded h e a r operator it generates the CO-semigroup Sh(t) defined by
The first term was shown above to tend t o zero . The second term converges to zero since Ph converges strongly to the identity. It follows that Thus the graph topology defined by Vidyasagar for causal lumped systems [18] can be extended t o include semigroup (.ontrol systems which are stabilizable and/or detectable. [18] for rational functions that convergence in the graph topology is equivalent t o convergence of coprime factorizations extends in a straightforward manner to transfer functions in
M(B,). 0
The following result can be loosely paraphrased as follows: A family of plants {Fh} can be robustly stabilized by a compensator C which stabilizes some nominal plant F if and only if Fh converges to F in the graph topology. Furthermore, the closed loop response of the feedback pair (Fh, C) converges t o that of (F, C). In other words, the graph topology i s the weakest topology in which feedback stability is robust. The proof showing convergence of the denominators is somewhat lengthier and requires use of a lemma in [13] . Defining IIFh(t + 6)-Fh(t)ll i lln11[6MMl + 2M61 and for sufficiently small H and any E > 0 we can choose 6 so that
IIFh(t -I-6)-Fh(t)Il 5 E v h < H
Thus Fh is an equicontinuous family and since F h ( t ) is also clearly uniformly bounded for all t and h , it follows from Convergence in the graph topology follows from Theorem 5.1. The conclusions of the theorem then follow from Theorem 5.2. 0
Once again, the above result can be easily extended to systems which are 0-detectable.
This result is independent of the technique used for stabilization, and does not require any assumptions on the stabilizability or detectability of the approximations.
The key assumption is that of stabilizability/ detectability of the semigroup control system which supports the work of Jacobson and Nett 1111 indicating the importance of this property in control of infinite-dimensional systems.
Conclusions
The above results validate the use of Galerkin type approximations in controller design for infinite-dimensional systems, regardless o f the control technique, and with very weak assumptions on the approximation method. A high order Galerkin model is chosen by either (1) comparision of coprime factors to those of the infinite-dimensional model, (if available) or (2) determination that the sequence of approximations has converged satisfactorily. Future work will examine the rate of convergence of the coprime factors, as compared to that of the numerical scheme. Lumped parameter techniques can then be used t o design a controller with reference to this high-order Galerkin model. Robustness of the approximate plant with respect to the original infinite-dimensional system can he estimated usine stable coprime factors before any controller is implemented. Several possible criteria are given in [IS].
